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Poissew Process (2)

Lcts\' '\':Mc.,/ e have seen Yinal we \,can approximadte
a foisson process (fP) with anlarvival rvate )
h/ o Bernocolli process which divides tre Fime
axis iato slots of Hwme dovetion I each.
Then For all s\c‘}'s, we ~model te arrive ) process
S i.i.d. Bumu\\‘. vandoan \/O'/;OL)CS w ¥ pro‘aﬁb\'lﬂ'/

of being 1 egual to )\.'1;_‘.

We have oassumed that  thais Q{frox'nma'\‘{oa woold
become accurate when = slotr duration ( I)H

is Sman .

One '\Mro/fo-r\\' fwofo./f/' of PP that we d'l'-'c"’"‘é
los v e is that

4 we consides von —va/loiff\."\) i'\'}-e/va] S/
e ¢ vwnber of owrivals 1A Prese raTendls

ove jndefendent vandom var ables .

This is e veason W‘n)/ we hene te First TAT A
e “5.1.d” Berroulli random variables above. This

AT S'l'O-'\aJ -Co« \A;f\éepemﬂlefrﬁ':‘

Avro e S47 0 1.4 \‘A.J.'\;-a.b S“'cnch .FOI :Ah“':cc‘“ “
which jadicetes Hrat ol ;—\ACfenacn'}' Bes ~nouiv.vs
assocCioked Wit e slots share e Ssoame rm-F-.
For Be. noull: 2 pmF s de {iqed e.a.si\)« te
‘JNLOB;\?? 0‘{- Lae'w\J 2. In 0 care, it is trea clear
"“\")' cll ot Hem lave e same prmf 5 fyolaabﬂiy

of Leinj 14 s N\NL £o, all slots.

Wwhal we want to do wext is to reconsi dev +H
nu~be, of awrivals duriag & Yime jaYeval.
However, we will not assume that e intesval s
small. Tha Whic cone, we con notr assume That
reve i3 ot motr one arvival 1a s iatecval of
intevest. The vuan be- o»{: avv;vo‘\s’_w\r\\'ol« ~wil be
de~oted B), N/ ca~ be an f\of\ncvoﬁ'(ve ird'ejc»’

(0)1,7_,'}/ s ) We would "Ll Yo "FAad e exact
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Pm-ﬁ O'F N.

To Q‘a 'H'\u we w\l\ v'e e sonmne a/)fvoo‘c\/\ et
we hhove do'\e. los* ¥iwe. Eveathou 9 our intevar
Con Le ‘ov?e w@ Can ca]wa S d,V\de R i'\“‘o Srm:n

"‘*‘C/VG\S/ o'\"/ Iw w\'\\olq cu)-e e Qe/r\o\»n; C(&Svmlrho'\
;‘ Vc\|- 4 QjQ.\.f\

Le¥s coﬁsée\g/ on ’m’rerva] o‘\l' 1en3-\¢s T Lc\ow

N = 4

4
So—X > +iane

Lex N be He numbes of corivals a\ﬂm s
Yime taterval. In 1 &-avve Otbove N’:f‘-l.

We c;:v:&e T iaYo v snell  iatervals .
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ovr' Vals 1A Mse ir\'\'e/vol\s de noﬂ-cé b)/ N N
Ny, Ny , ccoe) N a3 showa ‘ae,low il be
'\.';.3. Bewr\o bl\\ w “Hh
obability of bejna 1 = AL
provebility 9 C
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interval of \cn3+¥~ T s Twen

N SN+ N, + Ny -0 v N,

ot couvvse, iy is aa Q(fyox‘ma’\-.or\ . jam, it s
-~ . 1. N A ™ *. - -1
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0t couvse, thwi, s aa o.”yox%ma\-;on . Ajoﬂr\/ it oas
occuvale when T 15 swmall Whickh Wil lf\c‘(rm
wherm N is \G/é‘e‘

So, we expect tHhad

b (NyrNgr s 6N

n

woould be the su~re as N.

However, what 13

\IIM N1'\'Nl1‘"“ *‘Nn ?‘-
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" Yo\, rmon /e_o(‘_lnl

Eirst ‘e'\"s ée-@;ne Lrom youv pvo\oab”iy
N N c\asvj et Sa is
S, ® ‘|+ NL‘\- T TN, Cu B',nomia‘ V.V,

onrd g-\-ua), S, Mmore ccue,‘Fu\\)/_

m

Fov eacl, Nk , wheve ‘Lf-‘l,z .-~

4 -

N, is o Bernoulli vandom vaviable

wi Hh P, © ]'ENM = )\In .

W\'\em g*ua)/;r\j O Svuam O{' 'm&e{)enée,d' '/\V.-'J
os in S oﬂsove/ W ois ‘\"racl('}';o'\o;\ Yo use

v

chavacteris¥ic ‘{:un +on.

Re call tret fo. oo varndom varlialle XJ He
c\na.-/ac"‘cvi)ﬁc ’Fur\c."';o"\ s 33\/‘-\/\ Ly
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E ef’x’“

) 98 AL
>elren]e  fo

J;J LV&"C V.V,

Noye Whow it o :](‘“'
i is Yo o — = j 7‘;‘(6() e c:li(. -‘\'0-’
Fouriev trons form. corYiav ous v, V.

Fov Bevroulll v.v. NK)
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= FLN"':O] x ’[Nk =.1] e,:"""
:@_ AT ) f 0T 7
e n
NOW) when we \’\o-vc A Suan o{- '\’No '.r\ée(emc‘ovﬁ'
v.ov. X o~d Y/ vecal That e som pdF o

rw\'/c is o coavolutiva of 1w folf's ov {M/’J
od X ond Y

PX Y

A (&)-—)

X+Y

(2) = 2 R{Z) P for discrete
®

h v.

Y(z-x) 7@ (x) de Fo.

condinvous
V.V,

There 'Fov'e/ e characteristic Fuetion o“’ the svm
15 pvoeluc'\' O‘F ¢ chavattev) Yic ‘Fur\C‘\':O’\S
of X ond Y:

(’te cell brot coavolu¥on 1n tire dovain iv a

rrocluc-\- e ‘Fveob,uew\c/ d0mo.-ln)
&

() = (w) (e) .
. x () &

Us;nj This pvore:f/ o-F chavactevss tic FU'\C'\’;OV\J
we Her \'\0“"{
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= (4->‘—E +>‘—I-‘e,b“)“

= (‘l y L (-)\T »—/\TC:)-“))
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This 1aelies Thatx 1w chavactens tic 'Fv'\c'horr
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0“' N L“\'H Y\UMLEV of ovvivals in iAkre ve) of

\envhn T) is )
‘eNLu,) < exp (—).T AT e))%).

This s T clhavatterigtic '\:u-\c,h'on of oo
Po'\ssOn VOu\dorv\ var{a\o'e wiTh  vwnwe onn >\T

To see +1m'3/ mote Heat F M s o Poisson rv,
wh T ™M e o >\T—/ 1'\4,\/\

-AT K
PIM=k] = e ()‘\T—;)
K

oo .
R
Sb/ f () = z fLM: \4_] e
M kK=o
oS AT Ko
w=20 u_./

\T S ey
AT 2 (aTe™) -
L= o K! ) Re call, TYromn

ovs calc u]u 3

e—kT ATed™ class, that
= e oo 73

- e 2 %1
= exp (—)C\' FOT & ) k=0

e

This s e,xo.c\'l)/ fN (w) above .
Theve {:ove,/

1t N s the rnuambe, of owf.'va\s ya QA 'm‘\‘e/vc‘)

O‘? len tD'HA T e

~

N s o foisson v.v. with wvnean >\T.

Theve is one move Huct Which is w'\cle\)/ lenovon
aboutx (P,

The len th W,}Wt)l/\l}) ... ot Yiae Le'\’weev\

ad\)'a cart’ ovrivals oave

r1.d. exponential v.v.’s
ws ro\vlame'l'er }\:
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7[',\, (vr) = Xe e

Note That vrow we ove ‘\"an.c-,'r\ Obo\)‘\' contin vous
\fonéom v, ob\es. We arve r\o‘lj orrivals

oy we \'\ovc c‘o'\e eov);er. we oave \N‘C°SUvinj e
ot +re between avyivals.

nowe thotr we will vevﬁ—/\/

Mow pro\oa A kovs 0w \07/
this P"°fe’§ of rP b// work{nj with 3vnall in‘i‘e/va\s]

couvatin

AoV INY

one arriva\ ov\J '\"v)/ +o fmd WLM

Let consjde-
of e next orvival.

wovld be he +

> -2 > tine
- W\,
Deno'\c 'H/\{; Cmov At o"' }ine b/ w .
Nows, let?s work with swiall  jatecver) moodv\
}xl"‘.‘.'.:’.:!‘.“!‘.@ >

We vt ) o.(rfoac.\n e f”°‘°6“="\i>’ O“' l«\avinj e ~exY cww':v&]
in a slot which is about W +ime vatr fiom 'he_(th'-ovJ ong

viee twbob w~ethods

Mc'\‘\«oé 1: Com'\’:,\u0u5 . Becavvc ‘\’\’e— nf\*c/va\
‘e/vxohﬂ .\S .:E‘.)

e {vO\Oa‘Oi\Hy of W

Lc'mj fAn TWis SaYervel
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[ T
O
Me_-\'v\oé 2 . Dis cve'\'t: Ty Yobkes '2’.,!9_’ = Wwn slots to "-;,\d

/" T
aro rer arrival. So) c\ov;r\j

tre First wv 4 slots
b g
T .

heve js Ao  owrival .

Tre st one Vo) one o\vviva\.

Tre (,o‘oa\a‘.\;-l-/ of such event is

A
(1’/\&5 (X5 )
/ L,

Tre +wo f?vb‘aalo'\\':'i'/y Fo:vv‘u\c;_\ QP(fox'.mouh-_ e
sa e casucv\'\’;'\'/ ond hewnce ‘\"l-c/ s\nou\é be c%\m‘:

7 (w9 x& (AT T k&
w "

/

of course, the swall inter val) aff/oxima+i0q

won’t be accuvabe  wnless
intev val ave 6r+/<.”‘¢'\)/ swall .
Twis ]no.prws whenn n — oo,

Fo. e ledr-hand side (Lms) o

A

lim (1—>‘_I )T A

n-—ak
=
-1 n
= ].'m (1— }A' <1 +-(:—>\_T) ) >\
n— o") ( ” ) /
_AT w we e
= (e )T A e Qa—%)nzex
—)V@— NnN— P
= /\e c‘.jm‘w-\].

So,

£ vy =X &

. r \
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